Background modeling has been proven to be a promising method of hyperspectral anomaly detection. However, due to the cluttered imaging scene, modeling the background of an hyperspectral image (HSI) is often challenging. To mitigate this problem, we propose a novel structured background modeling-based hyperspectral anomaly detection method, which clearly improves the detection accuracy through exploiting the block-diagonal structure of the background. Specifically, to conveniently model the multi-mode characteristics of background, we divide the full-band patches in an HSI into different background clusters according to their spatial-spectral features. A spatial-spectral background dictionary is then learned for each cluster with a principal component analysis (PCA) learning scheme. When being represented onto those dictionaries, the background often exhibits a block-diagonal structure, while the anomalous target shows a sparse structure. In light of such an observation, we develop a low-rank representation based anomaly detection framework that can appropriately separate the sparse anomaly from the block-diagonal background. To optimize this framework effectively, we adopt the standard alternating direction method of multipliers (ADMM) algorithm. With extensive experiments on both synthetic and real-world datasets, the proposed method achieves an obvious improvement in detection accuracy, compared with several state-of-the-art hyperspectral anomaly detection methods.
Introduction
A hyperspectral image (HSI) shows a powerful ability to distinguish different materials, because of collecting abundant spectral characteristics of materials within hundreds or even thousands of bands covering a wide range of wavelengths [1] . Different from traditional images, each pixel in an HSI contains a spectral vector where each element represents the reflectance radiance in a specific band [2] . Thus, HSIs can be employed to facilitate a variety of applications such as target detection and classification [3] [4] [5] [6] [7] [8] . In hyperspectral target detection, the key is to obtain the inherent spectral information or characteristics of targets. However, some inevitable influence often hinders the accurate acquisition of target spectral information, such as the absorption and scattering of the atmosphere, subtle effects of illumination, and the spectral response of the sensor [9] .
To sidestep this problem, plenty of methods turn to investigate anomaly detection, which aim at distinguishing plausible targets from the background, without introducing any supervised information of the targets [10] [11] [12] . In general, hyperspectral anomaly detection can be regarded as an unsupervised binary classification problem between the background class and the anomaly class [13] . Background modeling methods can be roughly classified into two categories, namely traditional background statistics modeling-based methods and recent background representation-based methods.
In the background statistics modeling-based methods, it is assumed that the background comes from a mathematical distribution. For example, the Reed-Xiaoli (RX) algorithm [14] assumes the background to follow a multivariate normal distribution. With the mean vector and covariance matrix estimated from some selected sample pixels, the Mahalanobis distance between the test pixel and the mean vector is employed as a detector, which considers pixels with distances larger than a threshold as an anomaly. RX methods have two typical versions: the global RX, which estimates the background statistics from all pixels in the image, and the local RX, which infers the background distribution with pixels lying in local windows. Although this RX detector is mathematically simple and of low computational complexity [15] , they suffer from three aspects of limitations. Firstly, an HSI often contains various materials, which makes the background cluttered and difficult to be well depicted by a single multivariate norm distribution. Secondly, the noise corruption in the HSI often causes inaccurate estimation of the background statistics [16] . Thirdly, inversing the estimated high-dimensional covariance matrix in RX is often ill-conditioned and unstable, especially with a small amount of sample pixels [17, 18] . To overcome these limitations, some improved methods have been proposed. For example, Catterall et al. [19] developed a Gaussian-mixture-based anomaly detector to model the multi-mode background. Carlotto [20] divided the cluttered background into homogeneous clusters and then assumes each cluster follows a Gaussian distribution. Other improved cluster-based or Gaussian-mixture-based anomaly detection approaches have also been developed [21, 22] . To represent the background beyond spectral space, kernel RX (KRX) was proposed to estimate the background statistics in a high-dimensional kernel feature space with a radial basis function (RBF) Gaussian kernel function [23] . Inspired by this kernel theory, Jin Zhou et al. developed a novel cluster kernel RX algorithm for anomaly detection [24] . Its key idea is to group background pixels into clusters and then apply a fast eigendecomposition algorithm to generate the anomaly detection index. Although the multi-mode characteristics of background have been described based on the cluster strategy, it is still a method based on statistical modeling, which cannot accurately describe the background. Another nonlinear local method is based on the support vector data description (SVDD) [25] . The SVDD operator estimates an enclosing hypersphere around the background in a high-dimensional feature space and treats pixels that lie outside the hypersphere as outliers. Although these aforementioned background statistics modeling-based methods are theoretically simple, the difficulty in accurately modeling the cluttered background limits their capacity in anomaly detection.
Recently, witnessing the success of representation method in a wide range of applications [26, 27] , some methods commence at investigating the background representation-based anomaly detection method. Different from background statistics modeling methods, these methods aim at distinguishing the anomaly pixels from the background in a representation space. By doing this, they are able to sidestep the difficulty in modeling the complicated distribution of background and show promising performance in anomaly detection. For example, Chen et al. [3] introduce the sparse representation theory into hyperspectral target detection for the first time. They assume that the background and anomaly pixels can be well represented by the corresponding background and anomaly dictionaries, respectively. Reconstruction error is then employed to locate the targets. However, in the anomaly detection, there is no supervised information of target, nor is an anomaly dictionary established. To address this problem, Wei and Qian [10] propose a collaborative-representation-based detector. It is inspired by the observation that each pixel in the background can be approximately represented by its spatial neighborhoods, whereas anomalies cannot. Li et al. [28] propose an anomaly detection method by using a background joint sparse representation (BJSR) model, which estimates the adaptive orthogonal background complementary subspace to adaptively select the most representative background bases for the local region. Zhu and Wen [29] employ the endmember extraction model to construction background over-complete dictionary, the anomaly targets are then extracted by the residual matrix based on sparse representation model. Ma et al. [30] propose a multiple-dictionary sparse representation anomaly detector based on the cluster strategy. However, these representation methods do not consider the global correlation among pixels in an HSI [7, 16] .
To overcome this issue, a low-rank representation [31] scheme has been proposed for hyperspectral anomaly detection. In this scheme, it is assumed that background pixels are low-rank while anomalies are sparsely distributed in the image scene. The anomalies can then be separated from the background by solving a constrained regression problem. Based on this basic concept, many studies have been investigated. For example, Sun et al. [32] utilized a Go Decomposition (GoDec) algorithm [33] to decompose an HSI into a low-rank background matrix with a sparse matrix. Anomalies are then detected within the sparse matrix based on the Euclidean distance. Zhang et al. [15] proposed a low-rank and sparse matrix decomposition-based mahalanobis distance method for hyperspectral anomaly detection. It extracts anomaly targets in the background part by using the mahalanobis distance after decomposing the original HSI. Qu et al. [34] and Wang et al. [35] proposed a low rank representation method based on the spectral unminxing strategy. However, the structure information was ignored when performing low rank decomposition on the unmixing result. Xu et al. [16] and Niu et al. [36] also discussed the hyperspectral anomaly detection problem based on the low-rank representation theory. Although the low-rank representation scheme can improve the detection performance, it still suffers from certain limitations. Firstly, the low rank constraint fails to explicitly model the multi-mode structure of the background [37] [38] [39] [40] . In addition, due to spectral variation, the background is often full rank.
To address these problems, we propose a novel block-diagonal structure-based low-rank representation framework for hyperspectral anomaly detection. Through representing the spatialspectral characteristics of each pixel with a local full-band patch, we divide all pixels into several homogeneous clusters to conveniently exploit the multi-mode structure of the background. Then, a PCA learning method is adopted to learn a spatial-spectral dictionary for each cluster. Since these PCA dictionaries extract the major structure information of each cluster as well as suppress the information (e.g., anomalies), background pixels are prone to be well represented by the dictionary learned from the cluster they belong to, while the anomalies cannot be well represented by most dictionaries. Therefore, when being represented by those learned dictionaries, the background often exhibits an obvious block-diagonal structure, while the anomaly shows a sparse structure. Inspired by the fact that matrices of a block-diagonal structure often imply a low-rank property [41] , a low-rank representation model is built to represent the background on those dictionaries. Through solving this model by a standard alternating direction method of multipliers (ADMM) algorithm, an HSI is decomposed into a low-rank background part with a sparse anomaly one. Since anomalies often occur as a few pixels embedded in the local homogeneous backgrounds [42] , they have the sparse property. Thus, the anomaly target can be determined by calculating the 2 norm of the residual vector of each pixel in the obtained sparse matrix. Compared with the existing low-rank representation-based methods, the main contributions of this work are threefold:
1. Multi-Mode Background Representation. Most previous low-rank representation-based methods model the background as a whole and assume the background exhibits low-rank characteristic [43] . Although this concept provides effective prior information for the background, it fails to explicitly model the multi-mode characteristics of background; e.g., due to containing various materials, the background often exhibits different clusters of intra-cluster similarity as well as inter-cluster dissimilarity. To explicitly capture the multi-mode characteristics of the background, we divide the input HSI into several homogeneous clusters through classifying pixels with spatial-spectral features. A PCA dictionary is then learned for each cluster. When being representing with those dictionaries, the multi-mode characteristics of the background are cast into a specific block-diagonal structure, which can be explicitly modeled. 2. Block-Diagonal Structure Modeling. A block-diagonal structure is often exploited in subspace clustering [44] or classification [45] to depict the affinity of samples from various classes. To our knowledge, this is the first attempt to employ a block-diagonal structure in modeling the background of an HSI for anomaly detection. Introducing a block-diagonal structure brings twofold advantages. Firstly, it can explicitly depict the multi-mode characteristics of the background in the representation space. Secondly, the block-diagonal structure is more robust than the low-rank structure. A low-rank structure depends on the feature consistency of pixels, and a slight variation may cause the background to be full-rank, while a block-diagonal structure depends on the feature dissimilarity of pixels, which is more robust to feature variation. 3. Spatial-Spectral Feature based Dictionary Learning. In this study, we exploit the block-diagonal structure of the background in a clustering-based representation space that is determined by the dictionaries learned on all clusters. Thus, it is crucial to construct a data-driven and robust dictionary. To this end, we first represent each pixel by the spatial-spectral feature in a local full-band patch for robust clustering. A PCA learning scheme is then adopted to learn the dictionary for each cluster, which guarantees that the major structure of each cluster is captured and the block-diagonal structure of the background is revealed.
The rest of this paper is organized as follows. In Section 2, we give a detailed description of the proposed Block-Diagonal Structure Based Low-Rank Representation (BDSLRR) model and the patch-based dictionary construction method. Section 3 is the optimization procedure for the proposed model. Both simulated and real-world data experimental results and analyses are provided in Section 4, and Section 5 concludes the paper.
the Block-Diagonal Structure-Based Low-Rank Representation For Anomaly Detection
In this section, we first introduce the block-diagonal property for anomaly detection, and the proposed model is explained in detail. After introducing the spatial-spectral feature-based dictionary learning method, we show the entire flow of the proposed algorithm.
Block-Diagonal Property for Anomaly Detection
The aim for anomaly detection is to distinguish interesting targets from the local or global background without any prior spectral information of the targets. Since the anomalous pixels are unknown and few, a reasonable way is to accurately model the background. However, due to the cluttered imaging scene, an HSI often contains different categories of materials which exhibits various spectra, and the corresponding background is not homogeneous but multi-mode. Therefore, for accurate anomaly detection, it is crucial to exploit the multi-mode structure in the background. A promising way to capture the multi-mode structure is to apply the clustering method, which specializes in collecting similar pixels into a homogeneous cluster, while dispersing different pixels into various clusters, thus representing the multi-mode structure with the resulted different clusters. Some studies [20, 46, 47] have employed clustering methods to analyze the multi-mode statistical distributions of the background in anomaly detection.
In this study, we propose to incorporate the clustering method and dictionary learning scheme to depict the multi-mode structure of the background in the representation-based detection framework. Through clustering the background, we obtain several homogeneous clusters, and different clusters exhibit an obvious discrepancy. Thus, given an appropriate dictionary learned from a specific cluster, only pixels belonging to this cluster can be well represented, while the anomalous pixels cannot be well represented by most dictionaries. Thus, when being represented on the concatenation of all dictionaries learned from each cluster, the representation matrix of the background exhibits an obvious block-diagonal structure.
To clarify this point, we first decompose the input HSI X into a background part as well as anomaly part, which can be formulated as
where X bg is the background part and E is the anomaly part. As discussed above, the background can be represented by a reasonable dictionary while the anomaly E cannot. Thus, we can represent X bg = DZ and reformulated Equation (1) as
where
contains k background sub-dictionaries which is learned from each cluster independently, D i corresponds to i-th sub-dictionaries, and Z is the background representation matrix.
To exploit the block-diagonal structure in Z, we first permute columns in X as
represents the i-th cluster, and each column in X * i denotes the spectra of a specific pixel. The background part X bg can then be reformulated as X * bg = DZ * , where Z * is the corresponding permuted representation matrix. Let {S 1 , S 2 , · · · , S k } be a collection of k subspaces, each of which has a rank (dimension) of r i > 0. We then give the following theoretical results [41] . Theorem 1. Without loss of generality, given X * bg = DZ * , assume that D i is a collection of m i samples of the i-th subspace S i , X i is a collection of n i samples from S i , and the sampling of each D i is sufficient such that rank(D i = r i ). If the subspaces are independent, then Z * is block-diagonal [41] :
where Z * i is an m i × n i coefficient matrix with rank(Z * i ) = rank(X i ), ∀i.
In this study, each cluster stands for one subspace and these subspaces (clusters) are independent due to the spectral diversities. Therefore, according to Theorem 1, with clustering and permuting the original HSI, the background representation matrix Z * will exhibit a block-diagonal structure.
Block-Diagonal Structure Based Low-Rank Representation Model
As discussed in the previous subsection, we utilized the cluster method to exhibit the multi-mode structure of the background and be able to more accurately represent the background. Each cluster we obtained is sharing common features (e.g., spectral) and its elements show strong similarities. Intuitively, each pixel should be represented by the base elements of its corresponding cluster, then the ideal representation of data will have a block-diagonal structure as follows:
where Z i is the representation matrix of the i-th background cluster corresponding to the dictionary or feature of the i-th backgroud cluster, and k is the cluster number. According to the property of the block-diagonal matrix [48] , the following theorem is obtained.
Theorem 2.
The rank of a block diagonal matrix equals the sum of the ranks of the matrices that are the main diagonal blocks.
With the above theorem, the rank of Z in Equation (4) can be calculated by the following:
Since the i-th cluster has a strong inner similarities, the i-th representation matrix Z i also has this characteristic. Z i then exhibits a low-rank property. Based on this rule, all the Z i (i = 1, . . . , k) have a low-rank property. The representation matrix Z thus obviously exhibits a low-rank property according to Equation (5), which is consistent with the characteristics of the HSI background. Based on the above discussion, the proposed Block-Diagonal Structure Based Low-Rank Representation (BDSLRR) is implemented by integrating the multi-mode structure background and sparse anomaly targets as follows:
where rank(·) denotes the rank function, the parameter λ > 0 is used to balance the effects of the two parts, and · 2,1 is the 2,1 norm defined as the sum of the 2 norm of the column of a matrix. X = [x 11 , . . . , x 1n 1 , . . . , x k1 , . . . , x kn k ] ∈ R b×n is a sorted 2-D HSI matrix according to the cluster processing (supposing that there are k clusters for the HSI, x ij (i = 1, . . . , k; j = 1, . . . , n) is the j-th pixel of the i-th cluster, n 1 + · · · + n k = n is the total number of samples, b is the number of hyperspectral bands), DZ denotes the background part, D is the background dictionary learned by each cluster, Z denotes the background block-diagonal representation coefficients, and E denotes the remaining part corresponding to the anomalies [16] . The reason for the sparsity of anomalies in Equation (6) is that the dictionary D stands for background characteristics only and cannot be utilized to represent anomaly targets reasonably. Moreover, there are very low amounts of anomaly targets in the data X compared with the background pixels, thus the anomaly targets may have sparsity property rather than a low-rank property. Consequently, it is reasonable to add the sparse constraint into anomaly targets as shown in Equation (6) .
After getting the sparsity matrix E, the role of the i-th pixel can be determined as follows:
where [E] :,i 2 denotes the 2 norm of the i-th column of E, δ is the segmentation threshold, and, if r(x i ) > δ, x i is determined as the anomaly pixel; otherwise, x i is labeled as the background. It should be noted that there are some essential advantages in our model compared with the former low-rank-representation-based methods [15, 16, 32, 36] . Firstly, we adopt the cluster method to describe the background, which can exploit background information and characteristics more accurately. This kind of detailed feature has not been considered in the former low-rank-based methods, which regarded the background as a whole. Secondly, the block-diagonal structure is utilized to represent the multi-mode structure information of the background based on the cluster result. The structure information is helpful for improving detection performance, which is ignored in the former low-rank-based methods. Thirdly, we employ local spatial-spectral constraints to construct the background dictionary, which can extract background features efficiently. The next section will provide a detailed explanation. In brief, our model can capture better features of the HSI in both global and local aspects than the former low-rank based methods. Moreover, the later experimental results will also prove that the proposed model can achieve better detection performance.
Spatial-Spectral Feature-Based Dictionary Learning
Generally, the background dictionary has a great impact on the representation-based anomaly detection methods [3, 16, 26, [49] [50] [51] . Based on previous studies, the background dictionary often needs to meet three main conditions to be considered well-constructed. Firstly, the obtained dictionary should represent all background clusters, so as to represent the diversity of the background. Secondly, the dictionary must be robust to the anomaly targets and noise, meaning that the final dictionary should maintain the background feature while excluding other contaminations. Lastly, it can display the spatial-spectral feature, which is a specific and important feature for the HSI. In previous work [3, 49] , these conditions have not been integrated together, so the learned dictionary cannot reasonably represent the background.
To overcome this issue, we adopt a spatial-spectral feature-based dictionary learning method. Although anomaly detection techniques rely upon the spectral difference between pixels, there are spatial correlations for neighbourhood pixels, so collaboration considering the spatial-spectral feature can effectively improve the detection result [40, [52] [53] [54] . Inspired by this, we replaced each single pixel with its surrounding pixels to form a local patch before the clustering and dictionary learning step. Specifically, for a given hyperspectral pixel x, we selected an n × n size 3-D local patch whose center is x. This 3-D patch was then reshaped to be a one-dimensional vector. Figure 1 takes a 3 × 3 size patch and 3 spectral bands to show a brief example of this approach. The new reshaped matrix gives a good integrated representation of spatial-spectral features simultaneously.
We then utilized the k-means [55] method to divide the patch-based data into k clusters, and each cluster could represent one background material roughly. In this way, the multi-mode characteristics of the background could be well exhibited by selecting a reasonable k (k should be larger than the true number of ground material clusters in order to make sure that the k cluster represents all ground materials [16] ).
When clustering the background, the anomaly targets will be assigned to one of the clusters. To obtain a clean background dictionary, it is essential to remove those plausible anomalies during dictionary learning. To this end, we adopted the PCA technique for dictionary learning. It has been shown that the significant components in PCA deliver the major information of the data. In a given cluster, the major information comes from the background pixels. Thus, we removed the less significant components after PCA to eliminate the negative effect of anomalies on the learned dictionary. Finally, we obtained the background dictionary D after using the PCA leaning algorithm for each cluster. Schematic illustration of the patch-based spatial-spectral constrain. Pixel 1 is the center, and pixel 2 ∼ 9 are the neighborhood pixels. The bottom-right number of each pixel is its corresponding spectral band number. As there are 3 bands and the patch size is 3 × 3, the size of the reshaped one-dimensional vector is (3 × 3 × 3) × 1 = 27 × 1. According to this rule, supposing that the original HSI cube is rows × columns × nbands and that the patch is n × n, then the 2-D patch-based matrix is
The advantages of spatial-spectral feature-based dictionary learning technique are as follows:
1.
A patch-based spatial-spectral feature construction method provides a more robust way of describing the correlations of spatial and spectral within an HSI. The one-dimensional vector shown in Figure 1 contains both spectral information and spatial neighbourhood characteristics, so as to enhance the detection performance of the proposed method. 2.
By using the cluster way to represent background, both the diversity and multi-mode structure information of the background can be well described explicitly. Moreover, the low-rank property of the background is enhanced, which is helpful to increase the separability of anomaly targets and the background while solving the BDSLRR model. 3.
The PCA learning scheme allows a clean background dictionary to be learned. Although anomalies may be categorized into one background cluster at the beginning, their information can be effectively eliminated from the learned dictionary by neglecting those less significant principal components during PCA learning.
Entire Flow of the Proposed Algorithm
According to the introduction above, the entire flow of the proposed method can be shown in Figure 2 . It can be seen clearly that the proposed method mainly contains two modules: dictionary learning and block-diagonal structure-based low-rank representation. Given an HSI, we utilized the patch-based strategy, the clustering method, and the PCA method to obtain a spatial-spectral intra-cluster background dictionary. The block-diagonal structure-based low-rank representation model could then be built. By solving this model, we can obtain the sparse matrix containing the targets. As a result, the targets are extracted from this sparse matrix. The detailed steps of the proposed method have been summarized in Algorithm 1.
Algorithm 1: The Proposed BDSLRR Method
Input: Original 3-D Hyperspectral image X original .
Step 1 : Reshaping the input 3-D data into patch-based 2-D matrix;
Step 2 : Dividing the patch-based 2-D matrix into different clusters; Step 3 : Getting the dictionary of each cluster by using the PCA learning method, and obtain the whole background dictionary D;
Step 4 : According to the dictionary order of each cluster, reshaping and re-ordering the 3-D X original into 2-D matrix X so as to correspond with D;
Step 5 : Input X and D into Equation (6), and construct the BDSLRR model based on multi-mode block-diagonal structure;
Step 6 : Solve the BDSLRR model, and obtain the low-rank background matrix and the sparse matrix E; Step 7 : Extract anomaly targets from the sparse matrix E by Equation (7) Output: Detection Result. 
Optimization Procedure
This section presents the detailed procedure of how to solve the BDSLRR model. The model in Equation (6) is non-convex and NP-hard. An effective way to mitigate this problem is to relax Equation (6) into the following convex problem:
where the nuclear norm · * is utilized to replace the original rank regularization. It has been shown that the solution of Equation (6) is equal to that of Equation (8) when some mild conditions hold [41] .
In our study, we employed the standard alternative direction method of multipliers (ADMM) to solve the problem in Equation (8) . Specifically, we first reformulate Equation (8) We can then obtain the following Lagrangian function:
where Y 1 and Y 2 are Lagrange multipliers, and µ > 0 is the penalty coefficient. Like [41, 56] , given the Lagrangian function, the detailed steps for solving Equation (10) can be summarized in Algorithm 2. For the detailed derivation for each step, interested readers can refer to [41, 56] . Note that the convex problems in Steps 1 and 3 have closed-form solutions.
Step 1 is solved via the Singular Value Thresholding (SVT) operator [57] , while Step 3 is solved via the following lemma. 
Since there are three blocks (including Z, J, and E) in Algorithm 2, and the objective function of Equation (9) is not smooth, it is difficult to generally ensure the convergence of ADMM [58] . Fortunately, there are actually some guarantees for ensuring the convergence of Algorithm 2. According to the theoretical results in [59] , two conditions are sufficient (but may not be necessary) for Algorithm 2 to converge. The first is that the dictionary matrix D is of full column rank. In the proposed method, dictionary D consists of principal components from each cluster. Considering that all clusters are different from each other, principal components from different cluster will be uncorrupted with high probability. Thus, columns in D are uncorrelated, viz., D is of full column rank. The other condition is that the optimality gap produced in each iteration step is monotonically decreasing, viz., the error
is monotonically decreasing, where Z k (respectively, J k ) denotes the solution produced at the kth iteration, and arg min Z,J L indicates the "ideal" solution obtained by minimizing the Lagrangian function L with respect to both Z and J simultaneously [59] . Based on [59] , the convexity of the Lagrangian function can guarantee its validity to some extent, although it is not easy to strictly prove it. As illustrated in [59] , ADMM is known to generally perform well in reality. Moreover, our experiments in Section 4 show that ADMM can achieve a good result for our BDSLRR model.
Experiments and Discussion
This section will verify the feasibility and effectiveness of our proposed method by comparing with 5 state-of-the-art anomaly detection algorithms on four datasets. Additionally, we analyze the sensitivity of relevant parameters and the effectiveness of the spatial-spectral feature-based dictionary learning method.
Comparison Methods
There are 10 state-of-the-art anomaly detection algorithms are employed to evaluate our proposed method.
•
The global RX (GRX) [14] algorithm. This method is one of the most typical Gaussian-based anomaly detection algorithm and frequently used to be the benchmark comparison method.
We employ an open published MATLAB code [60] for the method in this study.
•
The collaborative representation-based anomaly detection algorithm (CRD) [10] . This algorithm is directly based on the concept that each pixel in the background can be approximately represented by its spatial neighborhoods, while anomalies cannot. To estimate the background, each pixel is approximately represented via a linear combination of surrounding samples within a sliding dual window. The weight vector of combination, based on the distance-weighted Tikhonov regularization, has a closed-form solution under the 2 -norm minimization. The anomalies are calculated from the residual image which is obtained by subtracting the predicted background from the original hyperspectral data. Its MATLAB code can been downloaded easily [61] .
The cluster-based anomaly detector (CBAD) [20] . This approach tends to divide data into appropriate clusters. Inside each cluster, a Gaussian mixture model (GMM) is supposed. The Mahalanobis distance is then calculated between the pixel under test and the center of each cluster. Pixels that exceed the threshold are considered anomalies. 
Update the parameter µ: µ = min(ρµ, µ max ); 6. Check the convergence conditions:
end Output: Sparsity matrix E.
• The background joint sparse representation method for hyperspectral anomaly detection (BJSRD) [28] . This is a newly developed anomaly detection method based on sparse representation. Based on the sparse representation theory, the algorithm utilizes the redundant background information in the hyperspectral scene and automatically deals with the complicated multiple background clusters, without estimating the statistical information of the background.
The local summation anomaly detector (LSAD) [40] algorithm. This local summation strategy integrates both the spectral and spatial information together. The edge expansion and subspace feature projection operation are included in this strategy to enhance detection performance.
The low-rank and sparse representation (LRASR)-based anomaly detection method [16] . This is the first time that the low-rank representation (LRR) has been adopted for anomaly detection purposes in an HSI. The background information is characterized by the low rankness of the representation coefficients, and the anomaly information is contained in the residual. When constructing the dictionary, it utilizes the k-means method, but it does not consider the spatial-spectral correlation.
The low-rank and sparse matrix decomposition-based Mahalanobis distance method [15] . This method adopts the GoDec algorithm [62] proposed by Zhou and Tao [33] to solve the low-rank background component and the sparse component. A Mahalanobis-distance-based anomaly detector is used to extract anomalies based on the low-rank background part.
The orthogonal subspace projection (OSP) anomaly detector [63] . The OSP carries out background suppression, via orthogonal projection, in order to remove the main background structures.
The local RX anomaly detector [64] . This approach employs a dual window strategy when calculating the Mahalanobis distance for each testing pixel. The inner window is slightly larger than the pixel size, the outer window is even larger than the inner one, and only samples in the outer region are adopted to estimate the covariance matrix.
• The local kernel RX (LKRX) anomaly detector [23] . This approach is similar to the conventional local RX, but every term in the expression is in a high-dimensional kernel feature space with a radial basis function (RBF) Gaussian kernel function, which can be readily calculated in terms of the input data in its original data space.
Dataset Description
In this study, five hyperspectral datasets collected from different instruments are used to evaluate the effectiveness of the proposed detector, and the targets have different sizes and spatial distributions. All these real-world datasets adopted in this study are commonly used in anomaly detection [16, 28, 40, [65] [66] [67] . We strictly follow the experimental protocol provided by these previous studies.
The Synthetic Hyperspectral Dataset
The synthetic hyperspectral image comes from a real HSI data which was collected by the Airborne Visible/Infrared Imaging Spectrometer (AVIRIS) from the San Diego airport area, CA, USA. It has 224 spectral channels in wavelengths ranging from 370 to 2510 nm, and the spatial resolution is 3.5 m per pixel. A total of 189 available bands of the data were retained in our experiments after removing the bands that correspond to the water absorption regions and that have a low SNR and bad bands (1 ∼ 6, 33 ∼ 35, 97, 107 ∼ 113, 153 ∼ 166, and 221 ∼ 224). The original size of the dataset is 400 × 400 pixels. In our study, a region with a size of 100 × 100 pixels is chosen to form the simulated image. The original image and selected area are shown in Figure 3 . The anomalous pixels are simulated by the target implantation method [68] . Based on the linear mixing model, a synthetic sub-pixel anomaly target with spectral x and a specified abundance fraction α is generated by fractionally implanting a desired anomaly with spectral t in a given pixel of background with spectral b as follows:
In the synthetic image, 18 anomalous targets have been implanted. They are distributed in three rows and six columns and the sizes of anomalous are 1 × 1, 2 × 2, and 3 × 3, from top to bottom in each column. In each row, the abundance fractions α are 0.1, 0.2, 0.4, 0.6, 0.8, and 1.0, from left to right. The spectrum of the plane is assumed to be the anomalous spectrum t, which is chosen from the middle left of the whole scene. The simulated data and ground truth are shown in Figure 4 . 
Real Hyperspectral Datasets
The first real-world dataset is also selected from the San Diego Airport image. It is a region with a size of 80 × 80 pixels chosen from the upper left of the scene as test image. We regard the small aircraft as anomaly targets in this sub-image. The dataset is shown in Figure 5 . The second real-world dataset is the HYDICE hyperspectral image named Urban [69] . The data has a spectral resolution of 10 nm, a spectral range of 400 ∼ 2500 nm, and a spatial resolution of 2 × 2 m 2 , and there are 307 × 307 pixels in the entire set of data, with 210 spectral bands, as shown in Figure 6a . In this study, we only use a sub-image of the data for our experiments. Specifically, we cut out a size of 80 × 100 sub-image from the upper right of the scene as shown in Figure 6b , and maintain only 160 bands after eliminating the low-SNR and water vapor absorption bands (1 ∼ 4, 76, 87, 101 ∼ 112, 136 ∼ 153, and 197 ∼ 210). The scene is cluttered with a parking lot and a roadway with 10 man-made vehicles which can be considered as anomaly targets [40] in this image and the reference is shown in Figure 6c .
The third real-world dataset is the Pavia Center (PaviaC) dataset was downloaded from the Computational Intelligence Group of the Basque Country University as is shown in Figure 7a [70] . The dataset was acquired by the reflective optics system imaging spectrometer (ROSIS) sensor and has been widely used in many applications [4, 71] . The dataset covers the Pavia Center in Northern Italy and has accurate ground truth information. The number of bands in the initial dataset is 115 with 1.3 m spatial resolution covering the spectral range from 430 ∼ 860 nm. In the experiment, a smaller subset is segmented from the initial larger image. The subset contains 115 × 120 pixels and 102 bands after removing low signal-to-noise ratio (SNR) bands. In the false-color image of Figure 7b , three ground objects constitute the background: bridge, water, and shadows. Anomaly pixels representing vehicles on the bridge and the bare soil near the bridge pier also appear in the image scene [72] . The ground truth of the anomalies is shown in Figure 7c . The forth real-world dataset is provided by the Target Detection Blind Test project [73] . This dataset was collected by a HyMap instrument over Cook City in Montana, on July 2006. It (illustrated in Figure 8a has 280 × 800 pixels in size and 126 spectral bands. The spatial resolution of the data is quite fine, with a pixel size of approximately 3 m. Seven types of targets, including four fabric panel targets and three vehicle targets, were deployed in the region of interest. In our experiment, we crop a subimage of size 183 × 506, including all of these targets (anomalies) as depicted in Figure 8b . The ground truth of the anomalies is shown in Figure 8c. 
Detection Performance
In this section, all detection results (including seven comparison methods and the proposed BDSLRR method) will be presented. To evaluate the detection performance, ROC curves and AUC values are employed. ROC curves can plot the relationship between the false alarm ratio and the detection ratio by taking all possible thresholds based on the target references. The AUC value is calculated with the whole area under the ROC curve, and can be helpful to identify general trends in detector performance [74] . Ideally, a good detection algorithm should distinguish between anomalies and background separating both classes as much as possible. To do that, rare pixels must be marked with notably high scores, while background pixels have almost zero values. However, ROC curves and AUC metrics only indicate that the anomalous pixels have higher values than the background pixels, but do not indicate how "separated" these values are. For this reason, two extra quality metrics will be utilized in this paper: the squared error ratio (SER) and the area error ratio (AER). The lower the SER, the better the algorithm performs. The higher the AER is, the better the algorithm performs. More detailed explanation for these two metrics can be found in [75] . For a fair comparison, each detection map is linearly normalized by its maximum value in the performance evaluation step, and all parameters of each method are optimal. The detailed information of parameters will be shown in the next section. For the synthetic dataset experiment, the two-dimensional plots of detection results and the three-dimensional plots of detection images of the compared anomaly detection methods and the proposed methods are illustrated in Figures 9 and 10 . From these figures, the proposed BDSLRR gives color maps where the anomalies are obvious. The ROC curves of all methods are shown in Figure 11a for illustrative purposes. The AUC scores are provided in Figure 11b . This data contains a high amount of sub-pixel targets. When the traditional GRX method was utilized, these sub-pixel targets were also included in the calculation of the covariance matrix of the background, so the obtained background covariance matrix could not describe the background information accurately. As a result, the detection performance decreased. The AUC value of the proposed BDSLRR is 0.99711, which is larger than GRX, BJSRD, LSAD, LRASR, LSMAD, CBAD, LRX, LKRX, OSP, and CRD algorithms. For the real San Diego dataset, the two-dimensional plots for the detection results and the three-dimensional plots of detection results are shown in Figures 12 and 13 . The ROC curves of all the methods are shown in Figure 14a for illustrative purposes. The proposed BDSLRR achieves the highest detection probability for all false alarm rate values. The AUC scores are provided in Figure 14b . The proposed BDSLRR achieves the highest score, and this confirms that the proposed method can outperform the traditional and state-of-the-art detectors. For the real Urban dataset, the detection results and the three-dimensional plots of detection results are shown in Figures 15 and 16 . From these figures, it can be seen that the proposed BDSLRR gives a map where the anomalies are obvious. The ROC curves of all the methods are shown in Figure 17a . The AUC scores are shown in Figure 17b . Although the BJSRD gains a higher probability of detection when the false alarm rate ranges from 0 to 0.05, the proposed BDSLRR achieves the highest score among all detectors. For the real Pavia dataset, the two-dimensional plots of the obtained detection results are illustrated in Figure 18a -k. The three-dimensional plots of detection results are shown in Figure 19a -k. Compared with other datasets, this data has a less complicated background, so the anomalies are obvious in these figures. All these methods can suppress the background reasonably, but the targets are also suppressed for GRX, LRX, LKRX, OSP, BJSRD, LSAD, and LSMAD methods, and for LRASR, CBAD, and CRD algorithms, the bridge has brought great interference to the target, which decreases the detection performance. The ROC curves and AUC scores of all the methods are shown in Figure 20 . Although AUC scores for all the comparison methods are more than 0.95, the proposed BDSLRR achieves the highest values. This verifies the robustness and stability of the proposed method. For the real Blind Test dataset, the two-dimensional plots for the obtained detection results are illustrated in Figure 21a -k. The three-dimensional plots are shown in Figure 22a -k. The two-dimensional plots demonstrate that GRX, LRX, LKRX, OSP, LSAD, and LSMAD and the proposed method can suppress the background more reasonably than the other methods. However, GRX, LRX, LKRX, OSP, LSAD, and LSMAD fail to consider the multi-mode property and global block structure of the background. Their AUC values are lower than those of the proposed method, shown as Figure 23b . The CBAD exploits the multi-mode property through the clustering strategy as the proposed method does, but it still employs an RX-based detector that cannot exploit the appropriate structure of the background, so its AUC value of 0.75636 is lower than the AUC value of the proposed method, 0.84011. Therefore, these results demonstrate that the proposed method can achieve superior detection performance with the more complicated and larger-sized datasets than the other methods. ( Moreover, from Tables 1-5 , we can see that our SER and AER values are the lowest and highest, respectively, which proves that our proposed method achieves better measurement accuracy than all other algorithms in all datasets. Additionally, we compared the hyperspectral anomaly detection algorithms by comparing the rank of the area under ROC curves for all five datasets. Figure 24 shows that the proposed BDSLRR algorithm outperforms all other algorithms. Figure 24 . Rank of area under ROC curves for all datasets.
Parameter Analysis
This section examines the effect of parameters on detection performance of the proposed BDSLRR algorithm. The optimal parameters for all methods are shown in Table 6 . As different methods will cause different detection results when choosing different parameters, to more fairly compare all detectors, we choose different parameters for different methods to obtain the best result. The proposed method involves four parameters, namely the size of the patch, the number of clusters, the number of principal components, and λ. However, only the number of clusters needs to be tuned for each data, while the other parameters can be fixed to specific values in all experiments. In the following, we provide the setting details of those parameters.
Patch Size
We first varied the patch size from 1 × 1 to 11 × 11 for the dictionary learning step, and the cluster number was set according to Table 6 . As shown in Figure 25a , when the size is 1 (which means that there is no spatial-spectral constraint), detection performance is not optimal. However, when the size is too large, the detection performance can be decreased. Moreover, if the size is too large, it may entail a high computational burden. With experiments on different datasets, we can find that the best performance is obtained when the patch size is around 3. Thus, we fix the patch size as 3 in all experiments for simplicity. 
Cluster Number
For the cluster number of the background, we set the range from 1 to 20 for all real-world datasets. As shown in Figure 25b , when the number equals 1 (which means that the whole data is employed to learning the dictionary without cluster), the AUC value is not high in any of the datasets. As the cluster number increases, the AUC values also increase. Since the background of the Pavia data is less complex, a cluster number of 6 can reach the best result. As the San Diego and Urban data have a more complex background, the best performance is obtained when the cluster number is between 12 and 17, but it decreases when the number continually increases. Through our experiments, we found that, when the number cluster is between 6 and 20, the detection performance is stable.
The Number of Principal Components
PCA components are utilized to construct the background dictionary. Through several rounds of experiences, we empirically found that the proposed method obtains the best performance when the number of the principal is 50. Thus, we fix the number of principal components as 50 in all experiments. 4.4.4. λ λ balances between the representation error and low-rank regularization. In the experiment, we found that the proposed method performs stably when lambda ranges from 0.001 to 0.005. For simplicity, we fix lambda as 0.002 in all experiments.
According to the discussion above, although the proposed method contains four parameters, only the cluster number needs to be manually tuned. Moreover, its best value often occurs around 10. Therefore, the proposed method is applicable to real applications.
Computational Complexity of the Proposed Method
To evaluate the computational complexity of the proposed method, the running times of all methods were compared. Times are given in Table 7 . All experiments were carried out with MATLAB software with 64-b Intel Core i7-7700k CPU 4.2-GHz and 16GB RAM. It is clear that, for all algorithms, as data size increases, running time increases. Compared with other methods, the time consumed by the proposed method is moderate and acceptable. 
Effectiveness of the Patch-Based Dictionary
To demonstrate the effectiveness of the patch-based dictionary, we performed experiments when patch size was 3 × 3 and 1 × 1 (which means that there is no spatial-spectral constraint) on the four datasets. Results are shown in Figures 26 and 27 . From the ROC curves and AUC values, we can see that our patch-based dictionary learning method can improve the detection performance since it acceptably explores the spatial-spectral characteristics. 
Conclusions
This paper describes a new anomaly detection method for hyperspectral images. To more accurately represent the background, a patch-cluster-based cluster strategy is employed to exhibit the multi-mode structure of the background. The dictionary of each cluster was obtained utilizing the PCA method, and the whole background dictionary consisted of learning the sub-dictionary of each cluster. According to the cluster result, the multi-mode block-diagonal structure of the background is found when the data is represented by a learned dictionary. Based on the learned background dictionary, the block-diagonal structure-based low-rank representation model was built. After solving this model by employing the standard alternating direction method of multipliers (ADMM) algorithm, anomaly targets were extracted from the sparsity part. Since the proposed method integrates multi-mode block-diagonal structure information of the background for the HSI and local spatial-spectral feature into one-part, the detection performance is improved. Experiments on hyperspectral detection with four datasets and comparisons with other state-of-the-art detectors confirmed the superior performance of the proposed algorithm. 
